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Abstract- In this research an open boundary technique is
developed for the numerical SPH method to simulate and
characterize the flow field variables in open channels. For this
purpose the open source code 2D SPHysics is applied after being
modified to satisfy the flow conditions in open channels. The
modified code is then calibrated against the experimental results
gathered from experiments conducted previously on the flow over
embankment dam stepped spillways. The numerical results of this
study in terms of the position of free surface flow and velocity
distribution at different sections along the chute slope are close to
the corresponding experimental results. However, the new
technique developed in this study still needs to be calibrated
against various open channels problems to verify its applicability.
Keywords; SPH; open boundary condition; stepped spillways.

I-

Introduction

SPH is a particle based method initially developed by [18} and
[12] in the field of astrophysics. In 1994 [22] modified the
classical equations of the SPH method to deal with free surface
flow. This method can be considered as the second generation
of the computational fluid dynamics CFD [17]. It is a
Lagrangian and adaptive particle method [19] in which a set of
smooth particles is used to simulate the computational domain.
These particles are divided into two kinds; fluid particles to
represent the flow and boundary particles to generate the
physical geometry. The fluid particles are movable as they can
move in space according to some forces acting on them [14],
while the boundary particles could be either fixed in their
position or movable according to some external forces [8]. Each
fluid particle carries the physical fluid properties, including
density, pressure and velocity, which might change with time,
and moves according to the governing equations [14]. Thus,
each fluid particle in the computational domain is considered as
an individual interpolation point which may be involved in a
summation procedure to estimate a flow field function at a
desired particle [20].
Numerous efforts have been made to apply this method in
various engineering disciplines, particularly in coastal, fluidstructure interactions and free surface flow problems. To get
more familiar and gather more details about the SPH method

the reader is referred to ([21]; [17]; [23], [27] and [16]). The
numerical SPH method has gained its popularity in the field of
CFD through its capability in dealing with various flow
problems. However, the open boundary condition to simulate
open channel flow problems is still an open issue of this
method. In this study a technique is developed and introduced
into the 2D SPHysics code, as an implementation of the
numerical SPH method, to simulate and characterize the flow
field variables in open channels. The modified code is then
calibrated against the experimental results obtained from the
experiments conducted by [19] over embankment dam stepped
spillways.
II-

Literature review

A number of numerical studies have been performed to
simulate the skimming flow condition over stepped spillwyas,
namely; [6], [1], [27], [5] and [9]. In these studies the authors
applied gird-based method such as finite volume and finite
element approaches in which mesh generation is needed to
reproduce the computational domain. However, [16] applied
SPH method to characterize the skimming flow condition over
stepped spillways using the large tank approach, which was
proposed by [11] to simulate the flow behavior over sharp
crested weirs, at the upstream of the stepped spillway.
To verify the capability of particle-based methods in simulating
the flow properties recorded from the experimental works in
open channels in which experiments are usually conducted
under the steady state condition, different techniques have been
adopted. [10] applied SPH method to simulate the flow
properties for different Froude numbers. They defined two
thresholds one at the inlet and the other at the outlet. These
thresholds are placed in the computational domain at a distance
equal to the kernel radius from the inlet and outlet of the
computational domain. They also introduced two new sets of
particles, namely the inlet and outlet boundary particles. [26]
introduced the inlet and out let boundary condition into a
numerical particle-based method known as the moving particle
semi-implicit method to simulate the flow over smooth
spillways and flow under sluice gates. The study was performed
by recycling the fluid particles leaving the outlet into the inlet
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after re-setting the value of all flow properties such as position,
velocity and pressure with respect to the upstream/downstream
flow condition. In the present study the computational 2D
SPHysics, as an implementation of the numerical SPH method,
source code is modified using the numerical technique
developed by [26]. It is worth mentioning here that the
numerical SPHysics code is an open source code which has
been developed, and is still under development, via the
collaboration of four international institutions: The Johns
Hopkins University (USA), Universidade de Vigo (Spain),
University of Manchester (UK) and University of Rome, La
Sapienza (Italy) [14].
III-

Hydraulics of stepped spillways

Depending on the flow rate and step geometry the flow over
stepped spillways is classified to three different categories,
namely; nappe, transition and skimming flow [4]. Nappe flow
deals with relatively low discharges and high steps, while
skimming flow occurs when the discharge over the structure is
high and the step height is relatively low. Transition flow
condition is found for some discharges between the nappe and
skimming flow. Researchers in their investigations on stepped
spillways observed different characteristics for each flow
condition. Further, numerous experimental works have been
carried out to define the upper and lower limit for the nappe and
skimming flow condition respectively using different chute
slopes and step geometry. The present work concentrates on the
skimming flow condition on stepped spillways having
downstream slopes typical of embankment dams. [4] stated that
with the skimming flow condition two flow regions could be
clearly observed on stepped spillways, namely; the non-aerated
flow region which starts at the crest and extends to some
distance to the downstream, and the aerated flow region where
air enters the flow and provides white color to the flow. The
point separating both regions is known as inception point of air
entrainment. [4] defined this point as a point on the free surface
where the thickness of developing turbulent boundary layer is
equal to the flow depth.
IV-

Governing Equations

Analogue to the grid-based methods, the conservation laws of
mass and momentum, Navier Stocks equations, are applied in
the SPH method to express the fluid motions. The 2D SPHysics
code applied in the current research solves the Navier Stocks
equation considering the fluid as weakly compressible [14].
The mass conservation is given as:
In the Lagrangian form, the mass conservation law can be
expressed as:
1 Dρ
= −∇. u
(1)
ρ Dt

where ρ and u are respectively the density and velocity of the
D
particle, t is the time and Dt is the total material derivative. The
discretized SPH form of the above equation would be:
dρ

( ) = ∑b mb (ua − ub )∇a Wab

(2)

dt a

where ∇a Wab is the gradient of the kernel function calculated
at a particle a located in the computational domain under the
influence of particles b surrounding it inside an influence area,
ua and ub are the velocity of particles, a and b respectively.
However, the following expression can be used to describe
momentum equation on the basis of the Lagrangian approach.
𝐷𝐮
1
= − 𝜌 ∇𝑃 + Θ + 𝐠
(3)
𝐷𝑡
where u is the spatial velocity of the particle, P is the pressure
and g accounts for the body force per unit mass due to the effect
of gravitational acceleration. In this equation, all diffusion
terms, caused mainly by the effects of the fluid viscosity, are
parameterized by Θ .
Different approaches have been proposed to model the
diffusivity term, Θ in the SPH momentum equation, which is
highly affected by the fluid viscosity, especially in free surface
flows. Following [16] in this investigation the SPS turbulence
model, which is initially developed by [15], is applied. This is
because the current study is carried out to simulate the flow
over stepped spillways, which is characterized by fully
turbulent flow.
The discretized SPH Lagrangian form of the momentum
equation in the SPH notations:
𝑑𝑢

𝑃
+ 𝑎2) 𝛻𝑎 𝑊𝑎𝑏
𝜌𝑏2
𝜌𝑎
4𝜐 𝑟 ∇𝑎 𝑊𝑎𝑏
} 𝐮𝑎𝑏
+ ∑𝑏 𝑚𝑏 {(𝜌 𝑜+𝜌𝑎𝑏 )|𝑟
|2

( ) = − ∑𝑏 𝑚𝑏 (
𝑑𝑡 𝑎

𝑃𝑏

𝑎

𝛕

𝑏

𝑎𝑏

(4)

𝛕

+ ∑𝑏 𝑚𝑏 (𝜌𝑏2 + 𝜌𝑎2) 𝛻𝑎 𝑊𝑎𝑏
𝑏

𝑎

The above equation conserves both the linear and angular
momentums of all of the particles involving the computational
domain [14].
As mentioned earlier the numerical SPHysics code applied in
this study considers the fluid as weekly compressible which
allows the explicit determination of pressure on fluid particles
using the state equation [2] expressed as:
𝜌 𝛾

𝑃 = 𝐵 [( ) − 1]
𝜌𝑜

(5)

where P is the pressure, and 𝜌𝑜 is the reference fluid density.
The density of the fluid at the free surface, which is subject to
atmospheric pressure, is usually taken as the reference fluid
density; for water 𝜌𝑜 = 1000 kg/m3, 𝛾 is the polytrophic
constant, with values ranging from 1 to 7 which fits the oceanic
data, and B is the bulk modulus elasticity of the fluid [14].

1st International Conference on Engineering and Innovative Technology, SU-ICEIT 2016, April 12-14, 2016, Salahaddin University-Erbil, Kurdistan, Iraq

Particles used in the simulation with an SPH method are moved
according to the following expression, known as the XSPH
variant [20]:
𝑑𝑟𝑎
𝑑𝑡

= 𝐮𝑎 + 𝜖 ∑𝑏

𝑚𝑏
𝜌𝑎𝑏

𝐮𝑏𝑎 𝑊𝑎𝑏

(6)

where 𝜖 is a constant the value of which varies from zero to one
with a frequently used value as 0.5
and 𝜌𝑎𝑏 =
(𝜌𝑎 + 𝜌𝑏 )⁄2.
V-

Boundary Condition

Only two boundary conditions are provided by the 2D
SPHysics code, namely; close and periodic boundary
conditions. This motivates the author to modify the source code
by introducing a numerical SPH open boundary condition
technique such that the numerical code can simulate the flow in
open channels. This is carried out by removing the rigid walls
fixed on the left and right hand sides of the computational
domain. Following [26] particle storage is allocated which
contains a number of fluid particles having zero velocity and
pressure values. Then, in order to keep the flow at the steady
state condition, a column of fluid particles is continuously
added to a zone located inside the computational domain at
about the kernel radius from the inlet at a regular time interval.
The sub-critical flow condition is applied in this study to meet
the condition of flow at the upstream of stepped spillways [4].
The velocity of each fluid particle of this column is dependent
on the discharge and upstream flow depth measured in the
experimental work. The time required to add the column of
fluid particles at the inlet depends on the size of fluid particles
and their velocities. Moreover, fluid particles leaving the
domain at the outlet are returned to the particle storage and their
properties are set to zero. Then, these particles are added to the
inlet after assigning new velocity/ pressure values depending
on the flow condition (supercritical/ subcritical) at the inlet and
outlet of the computational domain.
VI-

Code Calibration

To see how the open boundary condition technique, which is
developed in this study and introduced into the 2D SPHysics,
works, it is calibrated against the experimental results of [19]
measured in the non-aerated flow region for a range of flow rate
typical of the skimming flow over embankment dam stepped
spillways. To do so, the experimental results are compared with
the modified 2D SPHysics computational results in terms of the
position of free surface, length to and depth at the inception
point and velocity distribution at different sections along the
chute slope in the non-aerated flow region for various unit
discharges tested in the experimental work. [19] conducted a
series of experiments on the skimming flow condition in the
non-aerated flow region on moderate slope stepped spillways.
The downstream slope was 1V:2H on which ten identical steps

of height 5cm were used to fit the slope from the spillway crest
to its end. The spillway crest was of broad crested weir type of
0.5m length.
In order to set up the numerical model, in the present work the
repulsive boundary particles developed by [20] is used to create
a physical geometry identical to that constructed in the
laboratory by [19]. However, the Cartesian gird method is used
to fix the position of fluid particles at the reservoir upstream of
the spillway. The length of the reservoir is fixed to 1.5m, while
the depth of water is variable according to the unit discharge
tested in the experiments. The distance between fluid particles,
boundary particles and fluid and boundary particles is constant
and set to 0.005m. Fig. 1 presents the computational domain of
the physical laboratory model described above that is generated
by the 2D SPHysics code.
Also, it is worth mentioning that cubic spline kernel function is
used to approximate the flow filed variable and the kernel
correction technique is incorporated in this study to fix the
numerical instability which may be produced due to the kernel
truncation for particles near the free surface and boundaries.
Moreover, the non- conservative Riemann solver method is
applied in the current study to smooth out fluctuations which
may be occurred in the pressure and velocity flow fields as a
result of considering the fluid as weakly compressible.
Furthermore, The Verlet time integrator scheme used by [30] is
adopted in the current study. Moreover, in this study the whole
simulation time is set to 8 sec and following [16] the time step
is initially set to 10-4sec to fulfil the CFL condition.
VII-

Results and Discussion

The unit discharge value of the numerical model is obtained
from the flow depth and velocity profile at the critical section,
which occurs at the point on the weir crest where the Froude
number equals one. This allows using the following equation
to estimate the numerical unit flow rate at the critical section
on the spillway crest [7]:
𝑞 = √ℎ𝑐3 𝑔
(7)
where q is the discharge per unit channel width, hc is the flow
depth at the critical section on the weir crest known as the
critical flow depth and g is the gravitational acceleration. In the
current work the critical section for all discharges is found at
about one third of the crest length downstream of the upstream
crest corner which well agrees to the range reported in [7] and
[1]. Furthermore, in this study the highest particle existing at
any section perpendicular to the flow direction is defined as a
free surface particle. Moreover, velocity profile in this study is
taken at various sections perpendicular to the flow direction.
Each section includes a number of fluid particles, a, and the
velocity of each particle, Va, is estimated from the equation
given by [13]:
∑ 𝑉 𝑊
𝑉𝑎 = 𝑏 𝑊𝑏 𝑎𝑏
(8)
𝑎𝑏
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where, b denotes all fluid particles located inside the influence
area of the particle being considered, Vb is the velocity of
surrounding particles and Wab is the kernel function.
To qualitatively compare the experimental and the current
numerical results a number of snapshots taken from the
modified 2D SPHysics code during the numerical simulation
are presented in Fig. 2. These snapshots depict what does really
happen for the flow on stepped spillways under the skimming
condition. This mainly includes: occurring a jet as water
initially flows down over the steps, circulation of part of fluid
inside the steps while the jet striking the step treads [1] and
finally the appearance of the flow as a coherent stream over the
steps [4]. This is an indication that the modified numerical code
could detect the skimming flow condition over stepped
spillways.
In the current work quantitative comparison is also conducted.
For this purpose the flow depth (d) perpendicular to the flow
direction along the chute slope (L) measured from the end of
the spillway crest for the range of critical flow depth hc
normalized by step height hs 1.27≤ hc⁄hs≤1.7 are plotted in Fig.
3 and compared with the corresponding values obtained from
the experimental results gathered by [19]. As can be seen the
comparisons demonstrate very good agreement between the
experimental and the computational results predicted by the
modified 2D SPHysics code with a maximum relative error of
less than 7%.
To find the coordinate of the inception point of air entrainment
in the current study the definition of [4] is considered who states
that it is the intersection point of flow depth and thickness of
boundary layer. The thickness of boundary layer at any section
in the non-aerated flow region on stepped spillway can be
estimated from the velocity profile as that depth above which
the velocity is uniform. In the present investigation the velocity
flow field along the chute slope estimated by the modified 2D
SPHysics for hc/hs= 1.74 and 1.59 are presented in Figs 4a and
4b respectively. Apparently, different velocity distributions on
the steps can be observed along the flow direction. The flow
velocity at steps close to the weir crest is relatively low and is
almost constant over the entire flow depth. This indicates that
the thickness of boundary layer is small. Then the velocity
increases towards the downstream and reaches the peak value
at a section called the inception point of air entrainment. At this
section the flow velocity varies across the whole flow depth
revealing that the boundary layer has fully developed.
Furthermore, [19] measured the streamwise flow velocity, V,
parallel to the chute slope at different sections for various unit
discharges. Fig. 5 and Fig. 6 respectively show the velocity
profiles computed by the numerical code and those recorded by
[19] at two sections within the non-aerated flow region. In these
profiles, y represents the distance of the point, where the flow
velocity was measured, from the step outer edge taken at any
section perpendicular to the pseudo bottom formed by the step
outer edges and V is the flow velocity perpendicular to the chute

slope and to the flow direction. As can be seen from these
figures the shape of the velocity profiles for both the
computational and experimental works are almost the same.
However, there is a slight difference between the numerical and
experimental velocity values with a maximum relative error of
6%.
The velocity profiles at different section along the chute slope
allow the author to detect the growth of boundary layer and
estimate its thickness. Fig. 7 shows the determination of the
inception point of air entrainment for the unit discharge q= 0.05
m2/s and 2.2 ≤ L⁄Ks≤ 5. In this figure δ is the thickness of
turbulent boundary layer, L is the distance measured from the
crest down to the location on the chute slope where the flow
depth d is considered and Ks is the roughness height
perpendicular to the pseudo bottom which can be determined
from Ks= hs cosθ, where θ is the slope of the stepped spillway.
Table 1 compares the experimental results of [19] and the
modified 2D SPHysics numerical predictions in terms of the
coordinates of the inception point for the range of discharge
tested in the experimental work. This table clearly shows that
both results are close to each other with a maximum relative
error% of about 6.54%.
VIII-

Conclusions

The open boundary in the numerical SPH method is addressed
in this study. An open source code known as SPHysics code is
used after being modified to deal with fundamentals of steady
state flow condition. Then the modified code is calibrated
against an experimental work carried out previously on flow
over stepped spillways. Qualitative and quantitative
comparisons are made. The numerical results are promising as
they are in close agreement with the experimental results in
terms of different flow parameters including free surface
profiles and velocity profiles for different unit discharges
typical of skimming flow condition on embankment dam
stepped spillways. The results of this study help the researchers
and engineers to study the flow and design this kind of
hydraulic structure. However, the author recommends applying
the modification that is performed in this study and introduced
into the 2D SPHysics code on different steady state flow cases,
especially flow in open channels to verify its validity.
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Figure 1. 2D schematic representation of the numerical computational domain for simulating the geometry of the experimental work of [19] for flow over stepped
spillway.
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Figure 2. Snapshots of flow over stepped spillways predicted by the SPHysics numerical code applied in this study at (a) 0.40sec; (b) 0.90sec; (c) 1.55sec, (d) 2.40sec, e)
2.90sec and f) 3.55sec.
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Figure 4. Variation of flow velocity over a stepped spillway predicted by the SPHysics code applied in this study with color coded velocities: (a) hc/hs= 1.74 and (b)
hc/hs= 1.59.
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Figure 7. The inception point of air entrainment determined by the SPHysics code from the intersection point of numerical free surfac e with the developed turbulent
boundary layer for q=0.05m2/s and 2.2 ≤ L⁄Ks≤ 5.
Table 1. Comparison between the experimental and SPHysics numerical results in terms of the coordinates of the inception point of air entrainment for different
normalized discharge, hc/h, values.
hc/hs

diexp.
(m)

diSPHysics
(m)

%Error= 100(diexper.diSPHysics)/diSPHysics

Liexp.
(m)

LiSPHysics
(m)

%Error= 100(Liexper.LiSPHysics)/LiSPHysics

1.27

0.0235

0.0242

2.98

0.566

0.603

6.54

1.43

0.0266

0.0274

3.01

0.673

0.698

3.71

1.59

0.0295

0.0303

2.71

0.779

0.821

5.39

1.74

0.0325

0.0335

3.08

0.884

0.914

3.39

